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A REMARK ON A CONJECTURE OF SEI.FERT 
HXN CHUM 
(Rccciretl 1 December 1969) 
$1. ISTRODUCTIOS 
IN GEOMETRY, 
If an one-parameter transformation group acting on a three-sphere almost 
periodically then it has a closed orbit. If the action is effectice then there are exactly two closed 
orbits and this action must be equicalent to a linear one. 
The technique which we used in the proof is to associate it with a compact transfor- 
mation group. For this reason, we first study almost periodic transformation groups in 
general. We have been able to extend some results in compact transformation groups to al- 
most periodic transformation groups as well. For the general notations and terminologies 
consult [4], [8] and [12]. 
SZ. DEFWITIONS AND LEMMAS 
In this paper, we always consider that transformation groups (A’, T) with the phase 
spaces are compact Hausdorff. 
We use the following standard definition (see [S]). 
Definition 1. We say a transformation group (T, X) is almost periodic if 2 is an index of 
X, then there exists a syndetic subset A of Tsuch that x E A implies Ax c $.Y). By a syndetic 
subset A of T, we mean that there is a compact subset Kin T such that A . K = T. 
Definition 2. We say a transformation group (7’, X) is a minimal set if the smallest 
invariant closed set in X is X itself. 
The following lemma is known (see [8] and [9]). 
LEMMA 1. Let (T, X) be a transformation group where X is compact Hawdorfi Then T 
acts on X almost periodically if and only IY T acts on X uniformly eqsricontinuous. 
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The foIlowing lemma is clear: 
LEMMA 2. Let (T, X) be a minimal set. If (T, X) is effectire and T is abelian then T acts on 
X freely. 
Definition 3. We say an effective transformation group (T, X, Z) is imbedded into an 
effective compact transformation group (G, X, n’). If there is a continuous isomorphism f 
from T into the compact topological group G such thatf(T) = G and the following diagram 
(r, -V -2 x 
fl il n, 4 
(G, -W - X 
is commutative where i is the identity map. 
LEMMA 3. Let (T, X, n) be an effective, almost periodic transformation group, where X 
is compact’Hausdorff. Then (T, X, x) can be imbedded into an effective compact transformation 
group (G, X, x’). 
Proof. Considerf: T--t Xx, for each t E T,f( t) = (t(x)] for all x E X, where Xx is the 
set of all maps of X into X with its usual Cartesian product topology, which is compact. 
Then by Lemma 1 G, as a group of homeomorphisms on X, is a compact topological group. 
From the fact that the topology of G is the induced topology in Xx, it is easy to verify that 
(G, X, 7~‘) is an effective transformation group after we define: 
G x X2:, X by n’(g, x) = g(x) 
where g E G and x E X and the diagram: 
CT, X> "-X 
4 4 *, 4 
(G, X) - X 
is commutative. The lemma is proved. 
We have the inverse result of Lemma 3. 
LEMMA 4. Let (T, X, x) be a transformation group with a compact Hausdor- space X. 
If (T, X, Z) can be imbedded into an efictive compact transformation group (G, X, TC’). Then 
(T, X, n) is effective and almost periodic. 
ProoJ Observe the fact that G acts on X uniformly equicontinuous. Consequently T 
acts on X uniformly equicontinuous and by Lemma 1 (T, X, n) is almost periodic. The 
effectiveness is clear. 
LEMMA 5. Let (T, X) be an effective almost periodic transformation grozrp where X is 
compact Hausdorff. Let (G, X) be the compact transformation grozrp such that (T, X) is 
imbedded into (G, X) as in Lemma 3. Then (T, A’) is minimal if and only if(G, X) is transtive. 
Proof. It is consequence of Lemma 3 and Lemma 4. 
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Definition 4. We call the topological group G associated with an almost periodic 
transformation group (T, X, z) the enveloping group of (T, X, TT). Let .r and J in X we say 
two isotropy subgroups rr at x and ?; at yin Tconjzrgate in G if there is an element g E G, the 
enveloping group of (T, X, z), such that girT,g-’ = T,. 
LEMMA 6. Let (T, X, x) be an almost periodic transformation group witfz a compact 
ffarrsdorflspace X. Let y E T(x). Tflen tfle isotropy subgroups ?; and T, in Tare conjugate in G. 
-- 
Proof It is known that T(x) must be a minimal set under T. It follows that T(y) = T(x). 
From the fact that T(J) = G(y) and T(x) = G(x), where G is the enveloping group of(T, X, x), 
it follows that x E G(y) and y E G(x) and there exists 11 E G such that fz-’ T, fz = T,. 
LEMM 7. Let (T, X, x) be an almost periodic transformation group tcith a compact 
- - 
Hausdorff space X. Let x and y in X, if their orbit-closures T(x) and T(y) are equicalent under 
T then their isotropy subgroups Tz and TY are conjugate in G. 
- - 
Proof. Suppose the orbit-closure T(x) and T(y) are equivalent, then there is a homeo- 
morphism p from T(x) onto T(y) such that p(t * z) = t . p(z) for t E T and z E T(,Y). It follows 
that the isotropy subgroups T, and TpCx, are equal. By Lemma 6, the isotropy subgroups 
TpCx, and T, are conjugate, so are T, and T,. 
LEMMA 8. Let (T, X) be an effective, almost periodic transformation group ulhere X is 
compact, separable, locally euclidean n-space. Let I be a closed n-cell in X. Then T(1) is locally 
connected. 
Proof. By Lemma 3, (T, X) can be imbedded into a compact transformation group 
(G, X), with a continuous isomorphism f: T -+ G such that f(T) = G c Xx. Since X is 
compact separable and G is compact by a well-known result for compact transformation 
groups (see [12]). G must be separable and metrizable. Since X is locally euclidean h-space, 
again by a result for compact transformation groups (see [12]). G(I) must be locally connec- 
ted. Fromf(t) . x = t - x, we have 
-___- 
T(Z) =f(T) . I =f(T) . I = G . I = G(I). 
Consequently T(I) is locally connected. 
As a consequence of this lemma and results on finite dimensional compact groups (e.g. 
see p. 239 [12]), we have 
COROLLARY. Let (T, X) be an efictice transformation group wflere X is compact, 
separable, locally euclidean n-space. Then any (n - 1)-dimensional orbit-closure is locally 
connected. 
LEMMA 9. Let (T, X) be an effective almost periodic transformation group where A’ is 
compact Hausdorff and separable. Then the set of all points in X sucfz that its orbit-closure is of 
dimension 2 k, where k is any non-negative integer, is an open set. 
Proof. By Lemma 3, there is a compact transformation group (G, X) and a continuous 
isomorphism fi T-+ G such that f(T) = G and (T, X) can be imbedded into (G, X). By a 
well-known result of compact’ transformation groups with the phase space compact and 
HSIN CHU 
separable, the set of all orbits in (G, X) of dimension 2 li is an open set. For x E Z we have 
T(x) = f( T)(x) = f( T)(x) = G(x) = G(x). 
Thus the orbit-closure of x in (T, x) is the orbit of x in (G, X). Hence the set of all orbit- 
closures in (T, X) of dimension 2 k must be open. 
%3. SEIFERT’S CONJECTURE 
THEOREM 1. If an one-parameter transformation group, R, acting on a three-sphere, S3, 
almost periodically then it has a closed orbit. If the action is effectice then there are exactly two 
closed orbits and this action must be equicalent to a linear one. 
Proof. If R acts on S3 not effectively, then there is a non-trivial closed subgroup H of R 
such that R/H acts on S3 effectively. Since His either an integer group or R itself. R/H must 
be a circle group or a trivial group, the conclusion follows. If R acts on S3 effectively then by 
Lemma 3, there is a compact effective transformation group (G, S3) and a continuous 
isomorphism f: R + G such that J@) = G and (R, S3) can be imbedding into (G, S3). 
Since G is compact, connected and abelian and the dimension of S3 is three by a vvell-known 
result (see [12]) on compact transformation group that G is a Lie group so must be a torus 
group. It is known (see [12]) that if the maximal dimension of any orbit is 1, then the dimen- 
sion of G, dim G I fr(r + 1). If f 2 3, then G acts on S3 transitively and S3 E G/G, for some 
x, where G, is the isotropy subgroup at x. This says we can introduce an abelian topological 
group structure on S3, a contradiction! If I= 1, then dim G = 1 and G is a circle group. 
Sincefis an isomorphic from R into G, this is impossible. The only case left is I = 2. If/ = 2 
then dim G I 3 and G must be a torus of either dimension two or three. If G is a torus of 
dimension three and the highest dimension of orbits is two, there is a point x in S3 such that 
dim G, = 1, that means G, z S x D where S is a circle group and D is a finite group. There 
exists a neighborhood U, of x such that for every y E (i, , the isotropy subgroup G,, is a sub- 
group of G,. Since the dimension of the orbit of y, G(y), is no larger than two, dim G, 2 1. 
It follows that the circle subgroup S in G, is also a subgroup of G,. Since the set of prin- 
cipal oribts is open, connected and dense in X, it follows that the circle group S is a sub- 
group of all G,, x E S3. This is impossible, because this transformation group (G. S’) is 
effective. The only possibility left is the case that G is a torus of dimension two and the high- 
est dimension of orbits is two. From [13], we know that there are only two possible cases: the 
first case is the orbit space S3/G is a circle. In this case S3 is fibre bundle over the circle with 
a connected and compact group G/G,, for some x in S3, as its fibre from its homotopy 
sequence this never can happen. The second case is that the orbit space is homeomorphic to 
a closed unit interval, it has no fixed points. From [13] the principal isotropy groups in this 
case are trivial and there are no exceptional orbits. The isotropy subgroups of singular points 
which corresponds the two end points of the above closed unit interval must be a circle 
group. Hence there are exactly two closed orbits which are homeomorphic to a circle, 
corresponding those two end points and all other orbits are not closed. From [ 131, we know 
that given two effective transformation groups (G, M, n) and (G, M, TI’) where G is a two 
dimensional torus and M is a three-dimensional connected separable manifold with at least 
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one two-dimensional orbit and the orbit space Al/G is homeomorphic to a closed unit 
interval, then they are equivalent. In our case, M is a three-sphere. Let 
where S is a unit circle and # closed unit disk and the subsets S x S in both S x D and 
D x S are identified naturally. Consider S x D and D x S are subsets of D x D. Define a 
two dimensional torus G acting on D x D by rotating of these disks. Induce this action of G 
on 21. It is clear that (G, M) is an effective transformation and its action is linear. Then, by 
Lemma 3, the given almost periodic effective transformation group (K, S”) must be equi- 
valent to this linear action. The theorem is proved. 
Remark. It is known (e.g. see [13]) that if nontransitive, compact connected Lie group, 
G, acts on a two dimensional connected, separable manifold effectively then G must be a 
circle group. Hence by Lemma 3 and Lemma 5 an effective, one-parameter almost periodic 
transformation group acting on a two-dimensional connected, compact separable, manifold 
must be minimal. 
$4. OTHER RESULTS 
Montgomery has conjectured that every locally compact, effective transformation group 
on a manifold must be a Lie group. Except some special cases, this conjecture remains 
largely unsolved. For example we do not know whether a p-adic transformation group can 
act on an n-dimensional manifold, n 2 3, effectively? (See [5] and [17]). However, as we 
study almost periodic transformation groups we have the following results: 
THEOREM 2. Let (T, M, 7~) be a transformation group. Then: 
(a) If(T, M, 7~) is effective, almost periodic and minimal, T is locally compact and M is 
compact, locally connectedjnite dimensional then T is a Lie group, M is a homogeneous pace 
of a compact Lie group and the action of T on M is analytic. 
(b) If (T, M, x) is effective and almost periodic, T is locally compact, and connected 
and M is a compact, connected separable, three-dimensional mantfold, then T is a Lie 
group. 
(c) IfT is up-adic group and M is a compact connected, separable three-dimensional mani- 
fold and if there is an one-parameter transformation group R acting on M such that T and R 
have a non-trivial element in common, then T cannot act on M effectively. 
Proof. (a) By Lemma 3 and Lemma 5, there is an effective, transitive transformation 
group (G, IV, n’) whose G is compact and acontinuous isomorphism f maps T into G such that 
f(T) = G and f(n(t, x) = n’(f(t), x). 
Since A4 is locally connected finite dimensional and the action of G is effective and transitive, 
it is known that G is a Lie group. Now T is locally compact, by a result of Cartan, T must be 
a Lie group. 
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(b) It is a same argument as (a), except we use a knowx result (see [ 121) which says that 
in an effective transformation group (G, i!f, x’) where G is connected, compact, and 
M is connected separable, three-dimensional manifold, G must be a Lie group. 
(c) Suppose T acts on icI effectively. Denote the non-trivial common element of T and R 
by g. Let 
z= {g”l,=O, fl, +2, . . . . >. 
Then Z is a subgroup of T as well as R and Z acts on &I effectively. If R acts on M not 
effectively, then there exists a closed subgroup Z’ of R such that R,‘Z’ = S must act on M 
effectively and Z’ n Z = (0) where 0 is the identity of both groups. It is obvious that Z’ 
is an integer subgroup of R and S is a circle group. We may consider both T and S as com- 
pact subsets in Mabf let P be the natural projection R into S = R/Z’. Then P(Z) is dense in S 
and P(Z) c S n T. It follows that P(Z) = S c T. This is impossible, because T is a p-adic 
group. Hence R must act on M effectively. By Lemma 1, Z must act on 1M almost periodic. 
Since Z is a syndetic subset of R, R itself must act on on AI almost periodic. By Lemma 3, 
there is a continuous isomorphism f from R into a compact group G such that f(R) = 
G c M”’ and there is an effective transformation group (G, M, n’) such that n’(f(r), x) = 
f(rc(r, x)) for r E R and x E PI since R is connected, abelian so is G. By a known result, as 
we used in (6), G must be a Lie group. Since T is compact and T acts on 1M effectively, we 
may consider T c M”. Thus f(z) c G n T and f(Z) c T and f(z) is a nontrivial Lie sub- 
group of G. It is impossible because T is a p-adic group. It is known that any non-trivial 
closed subgroup of T must be p-adic. 
As a consequence of Theorem 2(a) and a result of Palais (see [ 1 j]), we have the follow- 
ing result: 
COROLLARY. Let (T, M, z) be an effective, almost periodic, minimal transformation group, 
where T is locally compact and M is compact, locally connected finite dimensional. Then the 
number of ineqtricalent actions of T on M is at most countable. 
THEOREM 3. Let (T, M, 7~) be an effective, almost periodic transformation group where T is 
connected and abelian and M is compact, connected separable three-dimensional manifold. 
Then the isotropy subgroups are ofjinite number. 
Proof. By Lemma 3, (T, M, n) can be imbedded into a compact transformation group 
(G, M, n’) with a continuous isomorphism f from T into G such thatf(T) = G. The compact 
group G must be connected and abelian. By a result of Montgomery and Zippin, (see [12]), G 
must be a Lie group. Consequently, G must be a finite dimensional torus. By a result of 
Floyd, (see [7]), the number of different isotropy subgroups in (G, AJ, n’) is finite. It follows 
that there are only finite number of non-equivalent orbits in (G, ,cI, ?c’). Since for each 
G(x) = T(x); we can conclude that there are only finite number of non-equivalent orbits in 
(T, iM, rt) as well. By Lemma 7, any two equivalent orbit-closures have the same isotropy 
subgroup in T for each point in these two orbit-closures, the theorem follows. 
THEOREM 4. Let (T, M, X) be an effectice, almost periodic transformation group where M 
is a compact complex manifold and the action of T on M is holomorphic. If T has a fixed point 
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in M then there is a neighborhood of this fixed point such that the action of T on M is linear in 
this neighborhood and its isotropy subgroups are of finite type, (that means there are only 
finite number of non-conjugate classes in the sense of Definite 4). 
Prooj: By Lemma 3, (T, ,Lf, z) can be imbedded into a compact transformation group 
(G, AI, x’) with a continuous isomorphism f from T into G such that f(T) = G.Then the 
action of G on M must also be holomorphic. Let x be the given fixed point under Tin M. 
It is easy to see that I is also a fixed point under G in M. By a result of Bochner, (see [3]), 
there is a neighborhood of this fixed point x such that the action of G on A4 is linear in this 
neighborhood. Consequently the action of T on M is also linear in this neighborhood. It is 
known that the group of holomorphic automorphisms with the compact open topology on a 
compact complex manifold must be a complex Lie group. Thus G is closed subgroup of a 
Lie group and must be a Lie group. By a result of Mostow, (see [14]). There are only finite 
number of non-conjugate isotropy subgroups in (G, &I, z’). Consequently there are only 
finite number of non-equivalent orbits in (G, M, IT’). From the fact that for each .K E M, 
T(x) = G(x), we can conclude that there are only finite number of non-equivalent orbit- 
closures in (T, 12/1, x). By Lemma 7 there are only finite number of non-conjugate isotropy 
subgroups in (T, M, rr’). The theorem is proved. 
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